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Abstract The generalized temperature integral I(m, x)
appears in non-isothermal kinetic analysis when the fre-
quency factor depends on the temperature. A procedure
based on Gaussian quadrature to obtain analytical
approximations for the integral I(m, x) was proposed. The
results showed good agreement between the obtained
approximation values and those obtained by numerical
integration. Unless other approximations found in litera-
ture, the methodology presented in this paper can be easily
generalized in order to obtain approximations with the
maximum of accurate.
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Introduction

Generally, it is assumed that the kinetic equation of a
condensed-phase chemical reaction depends on the tem-
perature, 7, and conversion fraction of the reactant, ¢, and
is represented by:

9 _ (@) f(o) (1)

e

where dg/dt is the rate of the reaction at a certain instant,
t, and f(¢) is the reaction model which describes the
dependence of the reaction rate on the extent of the
reaction, and w(t) is a temperature-dependent rate

J. M. V. Capela (X)) - M. V. Capela - C. A. Ribeiro

Instituto de Quimica, Universidade Estadual Paulista, C.P. 355,
Araraquara 14801-970, SP, Brazil

e-mail: capela@iq.unesp.br

constant. It is usual to suppose x(tr) as being the
Arrhenius expression

k(1) = Aexp <—%> (2)

where A is the Arrhenius pre-exponential factor, E is the
activation energy and R is the gas constant [1, 2]. The pre-
exponential factor can be associated with temperature by
the following relationship

A= A()Tm, (3)

where A is a constant and values of the exponent m range
from —1.5 to 2.5 for some solid-state reactions [3].
The integral form of the reaction model is defined by

|
g(oc)z/o ]Tq))d(p (4)

where o is the reacted fraction at time ¢. Some important
reaction models used in kinetic analysis of solid-state
reactions can be found in literature [1, 2, 4, 5].

Under non-isothermal conditions of a linear temperature
program, the conversional fraction is also temperature
dependent. If Eq. 3 is fulfilled and temperature variation is
conducted at a constant rate, § = dt/d¢, then the kinetic
equation is given by

m
= e (< o) 5

Rt

If o« and T are the reacted fraction and the temperature at
the time ¢, respectively, then the integration of Eq. 5 for
0<¢p <aand 0 <1 < T leads to

e =22 [ p(—Rﬁ)d (©)

where g(«) is the function defined in Eq. 4. The change of
variable z = E/Rt transforms the above equation into
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o =5(F) [Tt o

where x = E/RT.

The integral of the right side of Eq. 7, known as the
generalized temperature integral, does not have an exact
analytical solution and should be used a method of
approximation [6, 7]. Although the numerical integration
provides excellent results for the integral value, the aim of
the kinetic analysis is to determine the E and A, parameters
from Eq. 7 and not only the accurate numerical evaluation
of the integral. Thus, it is necessary to use an analytical
approximation in place of the numerical integration to
obtain estimates for the parameters E and A.

In literature, analytical approximations that can be used
for evaluation of the generalized temperature integral are
found. Techniques for the development of the integral
calculation were created by Singh et al. [8] and Gartia et al.
[9] but they are complex and demand long computing time.
In a different way, Wanjun et al. [10] presented two
approximations for temperature integral which are simple
to use, accurate and valid for arbitrary m values. Cai and
Liu [6, 7] also proposed a simple integral approximation
easy to be used and more accurate than the Wanjun one.

However, the methods employed by the above authors
are not easily generalized in order to obtain formulas with
the maximum accuracy. As this problem can be solved by
using quadrature rules, the aim of this work is to present
analytical approximations for the general temperature
integral based on Gaussian quadrature. It will be shown, for
some values of m, the results calculated by that approxi-
mations are in agreement with those one obtained by
numerical integration. In addition, a comparison will be
made with the results obtained by Cai and Liu [6, 7].

Theory
Considering:
*exp(—2)
I(m, x) = / P (8)

as the generalized temperature integral in Eq. 7 and
substituting z = x — w, the integral I(m, x) can be
changes as follow:

I(mx) = exp(—x) [

7oo(x—W

0 Xpw
%dw. 9)

According to the Gauss quadrature method [11], the
integrals from Eq. 9 can be also written as

0 n
exp(w) - Tk
/ _ m+2 dw ~ Z m+2’
—o0 (x i (

w) X = Zuk) 10)
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where z,,; is the k-th zero of polynomial Q,(z) defined by
[12]:

n ! 2 k
Q"(Z):Z<%> ﬁ, n:O,l,Z,...

k=0

(11)

The coefficients y,; in Eq. 10 are given by [11, 12]:
—1-4-9...7°
Ynk = / .
Qn(znk)Qn-H (an)

Thus, from previous equations, the following functions
I,(m, x) can be obtained as approximations of the integral
I(m, x):

exp(ix) n x m+2
In(max):meZynk X — Zmk :
k=1 n

(12)

(13)

Results and discussion

The accuracy for the approximations of I(m, x) and
I;(m, x), defined by Eq. 13 will be examined. In case of
function I,(m, x) it is not difficult to show that:

exp(—x) l(z —V2) ( x

m+2
xm+2 4 X+2+ \/E)

= +4ﬁ) <x + zxf ﬁ) W] '

For the function I5(m, x) the values of the ys3; and z3; in
Eq. 13 are given in Table 1.

The following approximation, Eq. 15, proposed by Cai
and Liu [6, 7], has been considered for comparison:

_exp(—x) 0.99954x — 0.044967m + 0.58058
N x + 0.94057m + 2.5400

L(m,x) =

Plim (x) 2

(15)

The relative error percentage of the proposed approxi-
mations from Eq. 13 can be defined by the following
equation

I(m,x) — I,(m,x)

1
1) x 100%,

e(m,x) = (16)
where I,(m, x) is the analytical approximation given by
Eq. 13 and I(m, x) is obtained by numerical integration. For
the Cai and Liu approximation I,(m, x) is replaced by

P1xa(x), given in Eq. 15.

Table 1 Values of the ys3; and z3; of the function I3(m, x)

k Z3k Y3k
—0.41577455678348 0.7110930099291700

2 —2.294280360279042 0.2785177335692400
—6.289945082937479 0.010389256501586
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Table 2 Relative error percentages of the I»(m, x) approximation
X m

—-1.5 -1 0 0.5 1 15 2 25
5 3.7 x 1072 1.2 x 107! 52 x 107! 8.6 x 107! 1.3 x 10° 1.9 x 10° 2.6 x 10° 3.5 x 10°
10 44 x 1073 1.5 x 1072 6.9 x 1072 1.2 x 107! 1.9 x 107! 2.7 x 107! 3.9 x 107! 53 x 107!
15 1.1 x 1073 40 x 1073 1.8 x 1072 3.2 x 1072 5.1 x 1072 7.7 x 1072 1.1 x 107! 1.5 x 107!
20 42 x 107 15 x 1073 6.9 x 1073 1.2 x 1072 19 x 1072 29 x 1072 43 x 1072 5.9 x 1072
30 9.6 x 107° 3.4 x 1074 1.6 x 1073 29 x 1073 47 x 1073 72 x 1073 1.0 x 1072 1.5 x 1072
50 14 x 107° 5.1 x 1073 25 x 1074 44 x 107 72 x 107 1.1 x 1073 1.6 x 1073 23 x 1073
100 9.8 x 1077 3.6 x 1076 1.8 x 107° 3.1 x 1073 52 %x 1073 8.0 x 107° 12 x 107 1.7 x 107
Table 3 Relative error percentages of the /3(m, x) approximation
X m

-15 -1 0 0.5 1 1.5 2 25
5 2.8 x 1073 1.1 x 1072 6.0 x 107! 1.1 x 107! 1.8 x 107! 29 x 107! 44 x 107! 6.2 x 107!
10 14 x 107 58 x 1074 35 x 1073 6.7 x 1073 12 x 1072 1.9 x 1072 3.0 x 1072 45 x 1072
15 20 x 107 8.5 x 1073 53 x 107 1.0 x 1073 19 x 1073 3.1 x 1073 50 x 1073 7.6 x 1073
20 48 x 107° 2.0 x 1073 13 x 107 26 x 1074 47 x 107 7.9 x 1074 13 x 1073 1.9 x 1073
30 5.6 x 1077 24 x 107 1.6 x 107° 32 x 107 5.9 x 107 1.0 x 107 1.6 x 107 26 x 107
50 34 x 1078 1.5 x 1077 9.9 x 1077 2.0 x 107°° 3.8 x 107° 6.6 x 107° 1.1 x 107° 1.7 x 107
100 6.5 x 1071° 29 x 107° 20x 1078 40 x 1078 7.6 x 1078 1.3 x 1077 22 %x 1077 3.6 x 1077
Table 4 Relative error percentages of the py,,(x) approximation
X m

-15 -1 0 0.5 1 1.5 2 2.5
5 3.7 x 1072 35 %x 1073 5.1 x 1072 1.1 x 107! 1.7 x 107! 22 x 107! 2.6 x 107! 29 x 107!
10 2.8 x 1072 19 x 1073 3.4 x 1072 47 x 1072 6.0 x 1072 7.3 x 1072 8.9 x 1072 1.1 x 107!
15 2.0 x 1072 3.6 x 1072 47 x 1073 1.4 x 1072 2.4 x 1072 3.5 x 1072 48 x 1072 6.3 x 1072
20 12 x 1072 1.2 x 1072 8.7 x 1073 53 x 1073 59 x 1074 55 x 1073 13 x 1072 22 x 1072
30 31 x 1074 53 x 1073 1.3 x 1072 1.6 x 1072 1.7 x 1072 1.7 x 1072 1.6 x 1072 14 x 1072
50 1.5 x 1072 7.7 x 1073 45 x 1073 9.6 x 1073 14 x 1072 1.8 x 1072 2.1 x 1072 24 x 1072
100 29 x 1072 23 x 1072 1.8 x 1072 92 x 1073 4.8 x 1073 7.0 x 1074 32 x 1073 6.9 x 1073

The relative error percentages of I,(m, x) and I5(m, x) are

listed in Tables 2 and 3, respectively. The relative error
percentages of the Cai and Liu approximation are given in
Table 4.

From Tables 2, 3, 4 one can see that the relative errors
depend on the values of m and x, that is, depend on tem-
perature and activation energy values. It can be also seen
that the error increases when x increases and decreases with
the decrease of the one. Increasing the order n of the
approximation [,(m, x) the error is also decreased.

The results presented in the Table 2 show that the I,(m, x)
approximation is not as accurate as Cai and Liu one, Table 4,

only for lower x values. Moreover, the I3(m, x) approxima-
tion, Table 3, is equivalent to the py,,(x) one, Table 4, for
lower x values and is significantly more accurate for the
higher x values.

Conclusions
As the generalized temperature integral I(m, x) does not
have a closed-form solution, approximations must be

obtained to find appropriate estimates for parameters A
and E. Analytical approximations, I,(m, x), based on
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Gaussian quadrature was developed. The results obtained
demonstrate that the errors are small, that is, the values of
the I(m, x) integral obtained by I,,(m, x) functions are like
similar to those obtained by numerical integration. More-
over, the results point out that the accuracy of integration
depends on the x values and that the accuracy can be
improved choosing an appropriate n value.
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